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, Drinfel’ $\mathrm{d}$-Sokolov ,




[KK1, $\mathrm{K}\mathrm{K}2,$ $\mathrm{K}\mathrm{K}3$ ]:
$\bullet$ “generalized Drinfel’ $\mathrm{d}$-Sokolov ” [dGHM]
$\bullet$ ( ) Drinfel’d-Sokolov
Drinfel’ $\mathrm{d}$-Sokolov
$\mathrm{L}$ $\mathrm{L}$
$\ovalbox{\tt\small REJECT}-’\neq\sigma)\infty\infty \mathrm{f}\mathrm{f}\mathrm{l}\mathrm{f}\mathrm{f}\mathrm{l}\ovalbox{\tt\small REJECT}\circ \text{ }\mathrm{g}_{=}JJJ\mathrm{s}’\fbox \mathfrak{B}\mathrm{f}\mathrm{f}\mathrm{l}r\mathrm{s}\#\text{ }\mathrm{a}\mathrm{e}\mathrm{a}\mathrm{e}\backslash \#\infty \mathrm{f}\mathrm{f}\mathrm{l}1^{[},\text{ }\mathrm{f}\mathrm{f}\mathrm{l}$








’ $z_{-}$ $\mathrm{c}$ $I_{\backslash }$ $\mathrm{R}$
($-\nearrow$
$\frac{\partial^{2}y}{\partial x^{2}}=\frac{1}{2y}(\frac{\partial y}{\partial x})^{2}+\frac{3}{2}y^{3}+4xy^{2}+2(x^{2}-A)y+\frac{B}{y}$ (1.1)
[ Drinfel’d-Sokolov






(1.2) , r=q-( ) , $t\mapsto \mathrm{i}t,$ $x$ \mapsto ix ,
$\mathrm{i}qt=\frac{1}{2}$ qx$x+2\mathrm{i}$q$2\overline{q}_{x}+4|$q $|^{4}$q(1.3)
3 [ARS, $\mathrm{G}\mathrm{I}$ ] ,
,
4
$\mathrm{D}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{e}\mathrm{l}’ \mathrm{d}$ -Sokolov = ,
, ,
\vdash , (2 )







, $\mathrm{K}\mathrm{P}$ , ,
2 “Derivative” “Difference” , (B. Gramrnaticoe
)
3 , .
[KSS2] NLS , , [I]






[HTI] , $M$ (t) ,
$M(t)=$ (2.1)
$M(t)=L(t)R(t)$ (2.2)






$o_{1}]$ : $R(t)=$ (2.3)





( , $V_{0}(t)=V_{n}(t)=I_{0}(t)=0$ )
$I(t)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}$ $[I_{1}, \ldots, I_{n}],$ $V(t)=$ diag $[V_{0}$ , . .. , $V_{n-1}]$ ,




, $0\iota J$ , $\hat{g[}_{2}$
5 , $\circ|$) $\hat{\epsilon \mathfrak{l}}_{2}$ , $\epsilon \mathfrak{l}_{2}$




$[X\approx^{m}, \mathrm{Y}z^{n}]=[X, \mathrm{Y}]z^{m\dashv- n}+m\mathrm{t}\mathrm{r}$ (XY) $\delta_{mn}$K, $[K,\hat{\epsilon \mathfrak{l}}_{2}]=0$ (2.7)
1\dagger 1 (homogeneous gradation)







( $z^{m})=2m+1$ , $\deg($ $z^{m})=2m$ ,
$\{\begin{array}{ll}0 01 0\end{array}\}z^{m})=‘ 2m-1$ ,
(2.9)
, :
$X(z)=X_{-}(z)\cdot X_{+}(z)$ , (2.10)
$X_{-}(z)=$ ( $E+a_{0,1}\mathrm{A}_{-}+$ a0,2A$2-+\cdot$ . $.$ ) $+a1z-\dot{1}+a2z-2+\cdot$ . .
$j$
$X_{+}(z)=$ ( $b_{0,0}E+b_{0,1}\Lambda_{+}+b0$ , $2$A$2++\cdot$ . $.$ ) $+b1z$ $+b2^{Z^{2}+}...$
, $a_{i,j},$ $b_{i,j}$
, $\hat{\epsilon \mathfrak{l}}_{2}$ 2 , . t) $\hat{\mathrm{g}}$
, [KP]
, , Heisenberg




, [KK1, $\mathrm{K}\mathrm{K}3$ ] ,
:
199
: $g(0)=e^{X},$ $X\in\hat{\epsilon \mathfrak{l}}_{2}$
$\Rightarrow$ : $g(t)=\exp[t_{1}\Lambda_{1}+t_{2}\Lambda_{2}+\cdots]g(0)$
$\Rightarrow$ Gauss : $g(t)=\{g_{<}(t)\}^{-1}\cdot g$\geq (t)
$\Rightarrow$ : $\frac{\partial_{\mathit{9}<}}{\partial t_{n}}=B_{n}g_{<}-g_{<}\Lambda_{n\}}B$ n $\mathrm{d}\mathrm{e}\mathrm{f}=(g_{<}\Lambda_{n}g_{<}^{-1})_{\geq}$
, Heisenberg , Gauss
,
,




Heisenberg (p) mKdV $\mathrm{K}\mathrm{d}\mathrm{V}$
(h) $\partial \mathrm{N}\mathrm{L}\mathrm{S}$ $–\mathrm{N}\mathrm{L}\mathrm{S}$




NLS 2 $\mathrm{K}\mathrm{P}$ ,
2 $\mathrm{K}\mathrm{P}$ , $\partial \mathrm{N}\mathrm{L}\mathrm{S}$
[KK2] ,
, ( )Baker-Akhiezer $\Psi(\lambda)$ , :
$\Psi(\lambda)=W(\lambda)\Psi_{0}(\lambda)$ , (3.1)




$t_{2}$ , . . .) $2\cross 2$ :
$w_{n}(t_{1}, t_{2}, \ldots)=[_{w_{n}^{(21)}(t_{1},t_{2},\ldots)}^{w_{n}^{(11)}(t_{1},t_{2},\ldots)}$ $w_{n}^{(22)}(t_{1}, t_{2},\ldots)w_{n}^{(12)}(t_{1},t_{2}, \ldots)]$ (3.4)
187
, 0 $w_{0}(t_{1}, t_{2}, \ldots)$ , :
$Ll)_{Q}(t_{1}, t_{2}, \ldots)=$ (3.5)
Baker-Akhiezer $\Psi(\lambda)$ , :
$\frac{\partial\Psi(\lambda)}{\partial t_{n}}=B_{n}(\lambda)\Psi(\lambda)$, (3.6)
$B_{n}(\lambda)=[\lambda^{n}W(\lambda)QW(\lambda)^{-1}]\geq 0$ , $Q=$ (3.7)
$[\cdot]_{\geq 0}$ , 2(principal gradation) ,
,
$[ \sum_{n\in 7_{J}}a_{n}\lambda^{n}]_{\geq 0}=[_{0}^{*}$ $**]+ \sum_{n\geq 1}a_{n}\lambda^{n}$ (3.8)
, $B_{1}$ (\lambda ), $B_{2}(\lambda)$ $(q=w_{1}^{(12)}, r=w_{0}^{(21)})$ :
(3.9)$B_{1}(\lambda)=\{\begin{array}{ll}1 02r -1\end{array}\}$ $\lambda+[_{0}^{2qr}$ $-2qr-2q\rfloor\urcorner i$






$\frac{\partial B_{m}}{\partial t_{n}}-\frac{\partial B_{n}}{\partial t_{m}}+[Bm’ B_{n}]=0$ , $m,$ $n=1,2,$ $\ldots$ . (3.11)
$m=1,$ $n$ =2 , $B_{1}(\lambda),$ $B_{2}(\lambda)$






$\tilde{w}_{n}=\tilde{w}_{n}$ (t1, $t_{2},$ $\ldots$ ) $2\cross 2$ , $\tilde{w}_{0}$ $\tilde{w}_{N}$
:
$\tilde{w}_{0}=\{\begin{array}{ll}1 0\tilde{w}_{0}^{(21)} 1\end{array}\},$ $\tilde{w}_{N}=[_{0}^{\tilde{w}_{N}^{(11)}}$ $\tilde{w}_{N}^{(22)]}\tilde{w}_{N}^{(12)}$ (3.14)
, (2.10)
, — $(\lambda, t)$ :
$\mathrm{E}(\lambda, t)=\sum_{j\in 7_{A}}\xi_{j}$
(t) $\lambda^{-j}$ . (3.15)





$\overline{w}_{0}^{(}$21)(t) $=(-1)^{N} \frac{|0,1,\ldots,N-2,N-1,N\cdot 0,1,\ldots,N-2|}{|0,1,\ldots,N-2,N-1,0,1,\ldots,N-2,N-1|}.’$, (3.18)
$\tilde{w}$(12) $(t\mathrm{H}-1)^{N+}1$
,
$\frac{|1,2,\ldots,N-1,0,1,\ldots,N-2,N-1,N|}{|1,\sim 9\ldots,N-1,N,0,1,\ldots,N-2,N-1|}..$ ’ (3.19)






$l_{n}|=\mathrm{d}\mathrm{e}\mathrm{f}|\begin{array}{llllll}f_{1}^{(k_{1})} f_{1}^{(k_{m})} g_{1}^{(l_{1})} g_{1}^{(l_{n})}\vdots \ddots \vdots \vdots \ddots \vdots f_{2N}^{(k_{1})} f_{2N}^{(k_{m}\rangle} g_{2N}^{(l_{1})} g_{2N}^{(l_{n})}\end{array}|$ (3.20)
, (3.18), (3.19) , 2 0
, — $(\lambda,t)$ :
$\frac{\partial}{\partial t_{n}}$ E$(\lambda, t)=\lambda^{n}Q_{-}^{--}(\lambda, t)+---(\lambda, t)\beta_{n}$ $(n=1,2, \ldots)$ , (3.21)
$\lambda_{-}^{--}(\lambda, t)=---(\lambda, t)\gamma$ . (3.22)
, $\beta_{n},$ $\gamma$ $2N\mathrm{x}2N$
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1. $\overline{W}_{N}$ (\lambda ) (3.17) , Baker-Akhiezer
(3.12) , (3.6)
[ ]. (3.22) , $n$ ,
$\oint\frac{\mathrm{d}\lambda}{2\pi \mathrm{i}}\lambda^{N+n-1}\overline{W}_{N}(\lambda)\mathrm{E}(\lambda)=0$ (3.23)
, (3.17) $t_{n}$ , (3.21) ,
$\oint\frac{\mathrm{d}\lambda}{\underline{\prime}\pi \mathrm{i}}\lambda^{N-1}\{\frac{\partial\overline{W}_{N}(\lambda)}{\partial t_{n}}+\lambda^{n}\overline{W}_{N}(\lambda)Q\}---(\lambda)=0$ (3.24)
$\{\}$ $\lambda$ $n+N$ , $N$
$\overline{W}_{N}$ (\lambda ) , :
$\frac{\partial\overline{W}_{N}(\lambda)}{\partial t_{n}}+\lambda^{n}\overline{W}_{N}(\lambda)Q=B_{n}(\lambda)\overline{W}_{N}(\lambda)+R(\lambda)$ . (3.25)
(3.24) . (3.23) , $\oint R(\lambda)_{-}^{-}-(\lambda)\mathrm{d}\lambda=0$











, $\partial \mathrm{N}\mathrm{L}\mathrm{S}$ $\overline{W}(A_{1}^{(1)})$ $A_{1}^{(1)}$
= ,
: $s_{0},$ $s_{1},$ $\pi$ , : $s_{0}^{2}=s_{1}^{2}=1,$ $\pi s_{0}=s_{1}\pi$ (4.1)
180
6 1 , :
$s_{0}\mapsto S_{0}=\mathrm{d}\mathrm{e}\mathrm{f}\{\begin{array}{ll}0 \lambda^{-1}\lambda 0\end{array}\}$ : $s_{1}\mapsto S_{1}=\mathrm{d}\mathrm{e}\mathrm{f}\{\begin{array}{ll}0 11 0\end{array}\}$ :
$\pi\mapsto\Pi^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\{\begin{array}{ll}0 1\lambda 0\end{array}\}$ (4.2)
$2\cross 2$ , (3.15) $(\lambda, t)$ :
$s_{0}$ : — $($ \lambda , $t)\mapsto S_{0-}^{--}(\lambda, -t)$ , (4.3)
$s_{1}$ : — $($ \lambda , $t)\mapsto S_{1-}^{--}(\lambda, -t)$ , (4.4)
$\pi$ : $\mathrm{E}(\lambda, t)\mapsto\Pi---(\lambda, -t).$ (4.5)
, (3.21) l — $($ \lambda , $t)$
$\overline{W}_{N}$ , (3.17) , — $($ \lambda , $t)$
, $\overline{W}_{N}$ $\overline{W}$ (A(11))
2. = $\overline{W}(A_{1}^{(1)})$ , $\partial \mathrm{N}\mathrm{L}\mathrm{S}$ $q(t),$ $r$ (t) ,
:
$s_{0}$ : $q(t) \mapsto\frac{1}{q(-t)}$ , $r(t) \mapsto-q(-t)^{2}r(-t)+\frac{1}{2}q_{t_{1}}(-t)$ , (4.6)
$s_{1}$ : $q(t) \mapsto-q(-t)r(-t)^{2}-\frac{1}{2}r_{t_{1}}(-t)$ , $r(t) \mapsto\frac{1}{r(-t)}$ , $(4.7)$
$\pi$ : $q(t)\mapsto r(-t)$ , $r(t)\mapsto q(-t)$ . (4.8)
[ ]. , $s_{0}$ . $\overline{W}_{N}($ \lambda , $t)$
$\overline{W}_{N}(\lambda, t)=\mathrm{d}\mathrm{e}\mathrm{f}\{\begin{array}{ll}\mathrm{l}/\tilde{w}_{1}^{(12)}(-t) 0-\lambda -\tilde{w}_{1}^{(12)}(-\mathrm{t})\end{array}\}\overline{W}_{N}(\lambda, -t)S_{0}$ (4.9)
, $\overline{W}_{N}($ \lambda , $t)$
$\oint\frac{\mathrm{d}\lambda}{\underline{9}\pi \mathrm{i}}\lambda^{N-1}\overline{W},(\lambda)S_{0}\mathrm{E}(\lambda, -t)=0$ (4.10)
, 1 , $\hat{\Psi}(\lambda, t)\mathrm{d}\mathrm{e}\mathrm{f}=\overline{W}_{N}($\lambda , $t)\Psi_{0}(\lambda, t)$
(3.6)





( ) (4.6), (4.7) , [KK1] $s_{0}^{\mathrm{L}},$ $s_{1}^{\mathrm{L}}$




(3.2) $W(\lambda, t)$ .
$W(k\lambda, t)=k^{\mathrm{o}Q}W(\lambda,\tilde{t})k^{-\alpha Q}$ , $\tilde{t}=(h’.t_{1}, k^{2}t_{2}, k^{3}t_{3}, \ldots)$ (5.1)
, $q(t),$ $r(t)$
$q(\tilde{t})=k^{-1-2\alpha}q(t)$ , $r(\overline{t})=k^{2\alpha}r(t)$ (5.2)
3. $y$ (x) ,
$y(.x)=9.q(t)r(t)|_{t_{1}=x,t_{2}=1/2,t_{3}=t_{4}=\cdots=0}\mathrm{d}\mathrm{e}\mathrm{f}$ (5.3)
(5.2) , $y$ (x) $\mathrm{I}\mathrm{V}$ (1.1) ,
$\mathrm{P}_{\mathrm{I}\mathrm{V}}$ , $A=4\alpha+3C+1,$ $B=-2C^{2}$ (C )
[ ], (5.2) $k$ $k=1$ ,
$t_{1}qt_{1}(t)+2t_{2}q_{t_{2}}(t)=-(1+ 2\alpha)q(t)$ , $t_{1’}r_{t_{1}}(t)+2t2rt_{2}(t)=2\alpha r(t)$ , (5.4)
$\varphi(x)$
$\varphi$(x) $\mathrm{d}\mathrm{e}\mathrm{f}=\{q_{t_{1}}(t)r(t)-q(t)r_{t_{1}}(t)\}|_{t_{1}=x,t_{2}=1/2,t_{3}=t_{4}=\cdots=0}$ (5.5)
, $y(x),$ $\varphi(x)$ :
$\varphi-\frac{1}{2}y^{2}+xy=C$, (5.6)
$\frac{y’’}{9_{\sim}y}-(\frac{y’}{2y})^{2}+(\frac{\varphi}{y})^{2}+2\varphi-2y2+\frac{2x\varphi}{y}+1$ $+4\alpha=0$ . (5.7)
$x$ , $C$, $\varphi$ ,
$\mathrm{I}\mathrm{V}$ (1.1)
2 , (5.2) , $\mathrm{P}_{\mathrm{I}\mathrm{V}}$
$y(x)$ (5.3)
1. 2 , $\mathrm{P}_{\mathrm{I}\mathrm{V}}$ $\alpha,$ $C$
:
$s_{0}$ : $\alpha\mapsto-\alpha-$ 1, $C\mapsto-C+2\alpha+1$ , (5.8)
$s_{1}$ : $\alpha\mapsto-\alpha$ , $C\mapsto-C+2\alpha$ , (5.9)
$\pi$ : $\alpha\mapsto-\alpha-\frac{1}{2}$ , $C\mapsto C$ . (5.10)
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(4.6) , (5.8) $s_{1}$ ,
$\pi$ ,
, $\overline{W}(A_{1}^{(1)})$ , $T^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}s_{0}\pi$ $T$ $y$ (x)
, (4.6) (4.8) :




4. $n$ , $X_{n}$ $X_{n}=T^{n}$ (y) , $X_{n}$
$X_{n-1}+X_{n}+X_{n+1}=-2x+ \frac{\kappa_{\mathrm{J}}n+\kappa_{2}+(-1)^{n}\kappa_{3}}{X_{n}}$ (5.14)
, $\kappa_{1},$ $\kappa_{2},$ $\kappa_{3}$ $\alpha,$ $C$ :
$\kappa 1=\frac{1}{2}$ , $\kappa 2=-\alpha-\frac{1}{4}$ , $\kappa_{3}=C-\alpha-\frac{1}{4}$ . (5.15)
[ ]. 1 ,
$T^{n+1}( \alpha)=T^{n}(\alpha)-\frac{1}{2}$ , $T^{n+1}(C)=-Tn$(C)-27” $(\alpha)$ $(5.16)$
,
$T^{n}( \alpha)=\alpha-\frac{7l}{2}$ , $T^{n}(C)= \frac{n}{9}$. $- \alpha-\frac{1}{4}+(-1)^{n}(C-\alpha-\frac{1}{4})$ (5.17)
(5.13) $\ulcorner T^{n}$ , (5.17) , (5.14)
( ) [GR] $l$ (5.14) , “asymmetric discrete Painleve’ $\mathrm{I}$”
, (5.14) , 2
I , [N] ,
\mbox{\boldmath $\zeta$}\mbox{\boldmath $\zeta$} $\mathrm{I}\mathrm{I}$” ,
,
183
, (5.2) , $\partial \mathrm{N}\mathrm{L}\mathrm{S}$ .- “Euler
$\circ$ ’ $\hat{E}$ :
$\hat{E}=t_{1}\frac{\partial}{\partial t_{1}}+2t_{2}\frac{\partial}{\partial t_{2}}.\dashv- 3t_{3}\frac{\partial}{\partial t_{3}}+\mathrm{d}\mathrm{e}\mathrm{f}\ldots$ (5.18)
5. (3.15) ,
$(- \lambda\frac{\partial}{\partial\lambda}+\hat{E}+\alpha$Q) $\mathrm{E}(\lambda, t)=$ E $(\lambda, t)\Gamma$ (5.19)
, $\Gamma$ $2N\mathrm{x}2N$ ,
$\overline{W}_{N}$ (\lambda ) , (5
[ ]. $\lambda\partial/\partial\lambda-\hat{E}$ (3.17) , (3.23), (5.19) ,
$\oint\frac{\mathrm{d}\lambda}{2\pi \mathrm{i}}\lambda^{N-1}\{\lambda\frac{\partial\overline{W}_{N}(\lambda)}{\partial\lambda}-\hat{E}\overline{W}_{N}(\lambda)+\alpha\overline{W}_{N}(\lambda)Q\}---(\lambda)=0$ (5.20)
, $\alpha Q$ (3.17) , (5.20) ,
$\oint\frac{\mathrm{d}\lambda}{2\pi \mathrm{i}}\lambda^{N-1}\{\lambda\frac{\partial\overline{W}_{N}(\lambda)}{\partial\lambda}-\hat{E}\overline{W}_{N}(\lambda)-\alpha[Q,\overline{W}_{N}(\lambda)]\}---(\lambda)=0$ (5.21)
(5.21) , $\{\}$ ,
$\lambda\frac{\partial\overline{W}_{N}(\lambda)}{\partial\lambda}-\hat{E}\overline{W}_{N}(\lambda)-\alpha[Q,\overline{W}_{N}(\lambda)].=0$ (5.22)
, , (5.1)
(5.19) — $($ \lambda , $t)$ , Schur
, Schur $p_{n}$ (t) :
$\exp(zt_{1}+z^{2}t_{2}+\cdots)=\sum_{\prime n\in 74}p_{n}(t)z^{n}$ . (5.23)
(3.16) $f_{k}^{(j)},$ $g_{k}^{(j)}$
$f_{k}^{(j)}=p_{k-j-1}(t)$ , $g_{k}^{\langle j)}=p_{k-j-1}(-t)$ $(k=1, \ldots, 2N)$ (5.24)
, —$(\lambda,t)$ (3.21), (3.22) $\beta_{n}=0,$ $\gamma=[\delta_{i+1,j}]_{1\leq i,j\leq 2N}$
, (5.19) $\alpha=0,$ $\Gamma=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}[0, 1, \ldots, 2N-1]$
, $t_{1}=x,$ $t_{2}=1/2,$ $t_{3}=t_{4}=’\cdot\cdot=0$ , $\mathrm{I}\mathrm{V}(1.1)$
(5.14)
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[OKS] , I ,
6
, Drinfel’d-Sokolov
, $\mathrm{N}\mathrm{L}\mathrm{S}$ $\partial \mathrm{N}\mathrm{L}\mathrm{S}$ ,
,
( )
$\mathrm{r}$ Ablowitz-Ramani-Segur[ARS]; $\partial \mathrm{N}\mathrm{L}\mathrm{S}$ $arrow \mathrm{P}_{\mathrm{I}\mathrm{V}}$ ( 1 )
- - [JMU]: NLS $arrow \mathrm{P}_{\mathrm{I}\mathrm{V}}$ ( 2 )
$\circ$ - [WS]: NLS $\mathrm{N}\mathrm{L}\mathrm{S}$
$\circ$ Grammaticos-Ramani[GR]: $\mathrm{P}_{\mathrm{I}\mathrm{V}}$ Schlesinger \rightarrow I
$\mathrm{o}$ - - [KSSI]: $\partial \mathrm{N}\mathrm{L}\mathrm{S}$ 2 Wronskian
$\circ$ - - [OKS]: I




$\mathrm{P}_{\mathrm{I}\mathrm{V}}$ , $[\mathrm{N}, \mathrm{N}\mathrm{Y}3]$ ( $3$-reduced
InKP ) , $\overline{\mathrm{I}/\nu^{\mathrm{r}}}(A_{2}^{(1)})$
, $\overline{W}(A_{1}^{(1)})$ , $[\mathrm{N}, \mathrm{N}\mathrm{Y}3,02]$ $\overline{\mathrm{I}W}(A_{2}^{(1)})$
,
, principal ,
, $\hat{\epsilon \mathfrak{l}}_{3}$ ,
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